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Definition 1. Let V be an F-vector space and let A € L(V'). A subspace
W is called an A-invariant subspace if for every v € W we have Av € W.

Observation 2. Let C be a collection of A-invariant subspaces of a vector
space V', and let W = [C. Then W is an A-invariant subspace of V.

Remark 3. Let V be a vector space and let S C V. Suppose Wg = [Cs
where Cg is the collection

Cs = {W : W is an A-invariant subspace of V' which contains S }

From Observation 2 it follows that Wyg is an A-invariant subspace of V' which
contains S. Given any A-invariant subspace W of V which contains S, we
see that W € Cg and hence it follows that Wg C W.

Definition 4. Let V be a vector space and let S C V. We say that Wy is
the smallest A-invariant subspace of V' which contains S.

Lemma 5. Let V be an F-vector space, let v € V', and let S = {v}. Then
Wg = W where

W:<Akv:kzeZwithk20>.

Proof. Since Wy is an A-invariant subspace of V' which contains S, we see
that A¥v € Wy for every k € Z with k > 0. Thus, we see that W C W.
Since W is an A-invariant subspace of V' which contains S, by Remark 3 we
see that Wg C W. Hence, it follows that Wg = W. O

Definition 6. Let V' be an F-vector space and let A € L(V). Suppose
p(X)=co+aX+- -+ X" € F[X]. We define p(A) to be the operator
col +caA+---+cA" e L(V).

Observation 7. Let V be an F-vector space, let v € V', and let S = {v}.
By Lemma 5 we see that

Ws = {p(4)v: p(X) € FIX] }.

Remark 8. Let V' be a vector space, let A € L(V), and let S C V. The
smallest A-invariant subspace of V' which contains S will not be used in the
rest of this note.



Observation 9. Let V be an F-vector space and let A € L(V). Suppose
V=W &®- - @® W, where the W;’s are A-invariant subspaces. Let

where B; is a basis of W; for every i. Then B is a basis of V. If V is finite
dimensional, the matrix of A with respect to 5 is a block diagonal matrix.

In Lemma 5, we have seen a way to construct A-invariant subspaces.
The next result gives us another approach to find A-invariant subspaces.
We will see that this method is more suitable for expressing V' as a direct
sum of A-invariant subspaces.

Lemma 10. Let V' be an F-vector space and let A,B € L(V) such that
AB = BA. Suppose W = ker B. Then W is an A-invariant subspace.

Proof. Let v € W. Then we see that Bv = 0. Since AB = BA, we see that
BAv = ABv = 0. Thus, we see that Av € ker B. Hence, it follows that W
is an A-invariant subspace. O

Observation 11. If V' is an F-vector space, then L(V) is also an F-vector
space. Let A € L(V) and let Cy = {B € L(V) : AB = BA}. Then we sce
that C4 is a subspace of L(V).

Remark 12. Let A € L(V). Then for every k > 0 we see that A¥ € Cy4.
Thus, by Observation 11 we see that p(A) € Ca for every p(X) € F[X].
So by Lemma 10 we see that ker p(A4) is an A-invariant subspace for every
p(X) € FIX].

By Remark 12 and Observation 9 we see that we need to find polynomials
p1(X),...,pr(X) € F[X] such that V =kerp;(A) & --- @ kerp,(A). We will
use some results from algebra.

Lemma 13. Let pi1(X),...,p-(X) € F[X] be pairwise relatively prime and
X
let p(X) = p1(X)---pr(X). For everyi € {1,...,r} let ¢;(X) = p((X))
pi
Then the ged of q1(X),...,q-(X) is 1.

Proof. Suppose there exists an irreducible polynomial f(X) € F[X] such
that f(X) | ¢;(X) for every i € {1,...,r}. Since f(X) is a prime polynomial
which divides ¢1(X) = p2(X) - - - p(X), there exists j € {2,...,r} such that
FOX) | py(X). o

Again, since f(X) divides ¢;(X) = p1(X)---p;j(X) - pr(X), there ex-
ists £ € {1,...,7} \ {j} such that f(X) | pr(X). This contradicts our
assumption that p;(X) and py(X) are relatively prime. It follows that the
ged of ¢1(X),...,q-(X) is 1. O

Lemma 14. Let R be a PID and let x1,...,x, € R. Suppose a € R is the
ged of x1, ..., xp. Then (z1,...,2,) = (a).



Proof. Since R is a PID, there exists b € R such that (z1,...,z,) = (b).
Since for every i € {1,...,r} we have a | z; we see that x1,...,2, € (a)
and hence (r1,...,2,) C (a). Thus, we see that (b) C (a). For every
i € {l,...,r} we have z; € (b) and hence b | z;. Since a is the ged of the
x;’s, we see that b | a and hence (a) C (b). It follows that (a) = (b). O

Theorem 15 (Primary decomposition theorem). Let A € L(V'). Suppose
there exist p1(X),...,pr(X) € F[X] which are pairwise relatively prime. Let
p(X) =p1(X)---p-(X). Then

ker p(A) = kerpi1(A) @ - - - @ ker p,(A).

Proof. Forevery i € {1,...,7}1let ¢;(X) = p(X)/p;(X). By Lemmas 13 and
14 we see that 1 € (q1(X),...,q-(X)). So there exist fi(X),..., f(X) €
F[X] such that f1(X)q(X)+ -+ fr(X)g (X) = 1. It follows that

filA)a(A) + -+ fr(A)g-(A) = 1. (1)

Let v € V. From (1), it follows that v = v; +- - -4+ v, where v; = f;(A)g;(A)v
for every ¢ € {1,...,r}. Suppose v € ker p(A). Then for every i € {1,...,r}
we see that

pi(A)vi = pi(A) fi(A)gi(A)v = fi(A)p(A)v =0
and hence v; € kerp;(A). It follows that
kerp(A) C kerpi(A) + - - - + ker p, (A).

Leti € {1,...,r}. Since p;(X)qi(X) = p(X), we see that p;(A)g;(A) = p(A).
Let v € V. If p;(A)v, then p(A)v = 0. It follows that kerp;(A) C kerp(A).
Thus, we see that

kerpi(A) + - -+ kerp, (A) C kerp(A)

and hence
ker p(A) = ker p;(A) + - - - + kerp,(A).

Suppose for every i € {1,...,r} there exists v; € kerp;(A) such that
vi+---+v, =0. Let j € {1,...,7}. Since p;j(X) and ¢;(X) are relatively
prime, by Lemma 14 we see that there exist f(X), g(X) € F[X] such that
F(X)p;(X) + 9(X)q;(X) =1 and hence f(A)p;(A) + g(A)q;(A) = I. Thus,

vj = f(A)p;j(A)vj + g(A)g;(A)v; = g(A)g;(A)v;. (2)
Since v; = —vy —---—0j —- - - vy, we see that p;(A)-- m - pr(A)v; = 0.
Thus, we see that ¢;j(A)v; = 0. So from (2) we see that v; = 0. Thus, for
every j € {1,...,r} we have v; = 0. Hence, we are done. O



Observation 16. Let A € L(V) and let J4 = {p(X) € F[X] : p(4) = 0}.
Then J4 is an ideal in F[X]. Suppose V is finite dimensional. Then L(V)
is finite dimensional. Since {A* : k > 0} is a subset of L(V), it must be
linearly dependent. Thus, it follows that J4 # {0}.

(The ideal J4 may be non-zero even when V' is not finite dimensional.)

Definition 17. Let A € L(V). Suppose J4 # {0}. Since F[X] is a PID,
the ideal J4 is a principal ideal. So there exists a unique monic polynomial
ma(X) € F[X] such that J4 = (ma(X)). We call the polynomial m(X)
the minimal polynomial of A. We sometimes denote m4(X) by m(X).

Corollary 18. Let A € L(V) such that ma(X) = (X — X))kt - (X — \p)Fr
where A1, ..., A\, are distinct elements of F, i.e., m4(X) splits in F[X]. Then

V =ker(A— MM @ @ ker(4 — N\ 1)k

Proof. Let m(X) = ma(X). Since m(A) = 0, we see that kerm(A) = V.
Also, since the \;’s are distinct, the polynomials (X — Ap)*, ..., (X — \,)kr
are pairwise relatively prime. Hence, the result follows from Theorem 15. [J

Observation 19. Let A € L(V) such that m(X) = (X —Ap)F - (X = \,)kr
where Aq,..., )\, are distinct elements of F. Let W = ker(A — A\ I)*. We
observe that (A — MI)¥ = 0 on W. If (A — M\I)¥1=1 = 0, then this
contradicts the fact that m(X) is the minimal polynomial of A. It follows
that (A — A\ I)*—1 £0.

Lemma 20. Let A € L(V) and let A € F. Suppose there exists k € N such
that (A — XI)* = 0 and (A — XI)*=1 £ 0. Then there exist v1,...,v, € V
such that vi # 0, Avy = Ay, and Av; = \v; + vj—1 for every i € {2,...,k}.

Proof. As (A — XI)F=1 #£ 0, there exists u € V such that (4 — AI)*~1u #£ 0.
For every i € {1,...,k} let v; = (A — AI)*"%u. So we see that

v = (A= ADFYu, vg = (A= AD)*2u, ... , Vg—1 = (A — AN)u, v = u.

Since (A — Al)v; = (A — AI)*u = Ou = 0, we see that Av; = \v;. For every
i €{2,...,k} we see that (A — A\ )v; = v;—1 and so Av; = Av; + v;_1. O

Lemma 21. Let A € L(V') and let X € F. Suppose there existvy,...,vx € V
such that vi # 0, Avy = Ay, and Av; = \v; +v;—1 for every i € {2,...,k}.
Then the set B = {v1,..., vk} is linearly independent.

Proof. Suppose there exists a non-zero tuple (a1, ...,a;) € FF such that
ajvy + -+ + agvy = 0. Let m = max{i : a; # 0}. Then a,, # 0. Since for
every i € {1,...,k} we have (A — M )'v; = 0, we see that (A — \I)™ 1v; =0
for every i € {1,...,m — 1}. Also, we see that (A4 — A\I)™ 'v,, = v1. Thus,

0=(A- )\I)m_lo =(A- )\I)m_l(alvl + ot Ap—1Um—1 F QmUm) = Q1.

Since v1 # 0, we get the contradiction that a,, = 0. Hence, it follows that
the set B is linearly independent. O



Definition 22. Let A € L(V) and let A € F. A set of vectors {vy, ..., v} is
called a Jordan string for (A, \) if v1 # 0, Av; = Ay, and Av; = \v; + v
for every i € {2,...,k}.

Remark 23. Let A € L(V) and let A € F. By Lemma 21 we see that a
Jordan string for (A4, ) is an independent set. If there exists a Jordan string
for (A, A), then we see that A is an eigenvalue of A. Every Jordan string for
(A, \) contains a unique eigenvector for A with eigenvalue \.

Remark 24. Let B € L(V) be a nilpotent operator. Then 0 is the unique
eigenvalue of B. Suppose there exists A € F such that there exists a Jordan
string for (B, A). Then by Remark 23 we see that A = 0.

Definition 25. Let A € L(V). A basis B of V is called a Jordan basis for
A if there exist A1, ..., Ay, € F (not necessarily distinct) such that

where 9B; is a Jordan string for (A, \;) for every i € {1,...,m}.

Observation 26. Let A € L(V). Suppose there exists an ordered Jordan
basis B of V for the operator A. The matrix of A with respect to 85 is a
block diagonal matrix. Each block corresponds to a Jordan string in 8. A
block which corresponds to a Jordan string for (A, ) is of the form

A1 0 ... 00
0 1 ... 00
00X ... 0O
00 0 ... A1
000 ... 0 A

Definition 27. Let A € L(V). Suppose there exists an ordered Jordan
basis B of V for the operator A. The matrix of A with respect to B is said
to be in Jordan canonical form.

Observation 28. Let A € L(V),let A € F, and let B = A—\I. Let B be a
basis of V. Since A = B+ A, the matrix of A with respect to B is obtained
by adding the matrix Al to the matrix of B with respect to B. If % is a
Jordan string for (B,0), then ‘B is a Jordan string for (A4, \). Since if we
have v;_1,v; € V such that Bv; = v;_1, then we see that Av; = Av; + v;_1.

Theorem 29. Let dimV =n and let A € L(V'). Suppose there exists A € F'
and k € N such that (A — XI)* = 0. Then V has a Jordan basis B for A.

Proof. Let B = A — AI. By Observation 28, it is enough to show that V'
has a Jordan basis B for B. If B = 0, then any basis of V is a Jordan basis
for B. So we may assume that B # 0. Since B* = 0, by Remark 24 we see



that 0 is an eigenvalue of B. So there exists u € V' \ {0} such that Bu =0
and hence ker B # {0}.

We will show that V' has a Jordan basis B for B by induction on dim V.
When n = 1, we see that B = {u} is a Jordan basis. Let n > 2 and let W
denote the image of B. Since B # 0, by the rank-nullity theorem, we see
that 1 < dimW < n — 1. Since W is a B-invariant subspace, we see that
By, € L(W). Since B¥ =0, we see that (B|W)k = 0.

Thus, by the induction hypothesis, we see that W has a Jordan basis B’
for the operator B|,,. Using Remark 24 we see that

m
B =]]%
i=1
where B/ is a Jordan string for (B|W, 0) for every i € {1,...,m}. For every

ie{l,...,m} let
B = {vgi) vg) v,(:)}.
Then ngi) =0 and for every j € {2,...,k;} we see that ij(-i) = U](?l.
Let B, = {U%l), . .,Ugm)}. Since B{, C B, we see that B is a linearly
independent subset of ker B. So there exists 7 € NU{0} such that ker B has
dimension m + r. There exist z1,..., 2, € V such that

By = {vgl),...,vgm)} U {zl,...,zr}

be a basis of ker B. Since B’ is a basis of W, by the rank-nullity theorem,
it follows that

n=k+ -+kn+tm+r. (3)
(4)
k

For every i € {1,...,m} there exists v; € V such that Bv; = v, ’. For every

ie{l,...,m} we let
B = {0, of) i)

and for every i € {m+1,...,m+r} we let B; = {z;}. We observe that B,
is a Jordan string for (B,0) for every i € {1,2,...,m +r}. Let

m-+r

B = H%,-.
=1

We claim that 9B is a Jordan basis of V' for the operator B. From (3) we
see that B has size n. So it is enough to show that 5 is linearly independent.
Suppose there exist there exist ay,...,a, € F and for every i € {1,...,m}

there exist ng‘)’ el c,(ji), b; € F such that

a1z1 + -+ arzy + Z (cgi)vy) + cg)vg) et Cl(cii)vlii) + bivi) =0. (4
i=1



Applying the operator B we see that
m
SO (0 4o+ o, +bf?) =0,
i=1
This is a linear combination of the elements of %’ which is a basis of W. So
we see that it must be the trivial linear combination. From (4) we see that

az1+ -+ apze + cg )vg) -+ c(m) (m) =0.

This is a linear combination of the elements of 28y which is a basis of
ker B. So we see that it must be the trivial linear combination. Thus, we see
that the linear combination in (4) is the trivial linear combination. Hence,
our claim is true and so we are done.

Since B has size n, another way to show that 95 is a Jordan basis of V
for the operator B is to show that 5 spans V.

Let v € V. Since B’ is a basis of W for every i € {1,...,m} there exist

agl) ( ) € F such that

Bv = Z (ag )1)%) ------ + a,(c?ilv,(c?fl + a,@v,ﬁ?).
i=1

So we see that

o= B 3o () ol ) ) )
i=1
Thus, we see that
v — Z (agi)véi) Foeeees + a,(f,) v,(g) + ag‘)vz> € ker B.
i=1

Since By is a basis of ker B, there exist b1,...,bm,c1,...,c. € F such that

v — Z (agl)vél) + -4 a](g)—lle:) + agi)?)z)

i=1
= b0t o bol™ ez ez
Hence, it follows that 8 spans V. So we are done. 0

Remark 30. Let A € L(V) and let A\ € F. Suppose there exists k € N such
that (A — AI)* = 0. By Theorem 29, we see that V has a Jordan basis B
for A. We can check that (A — AI)*~! # 0 if and only if B has a Jordan
string for (A, \) of size k.

Corollary 31. Let V be a finite dimensional vector space over F and let
Ae L(V). If ma(X) splits in F[X], then V has a Jordan basis for A.

Proof. This follows from Observation 9, Corollary 18, Observation 19, and
Theorem 29. 0



