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Definition 1. Let V be an F-vector space and let A ∈ L(V ). A subspace
W is called an A-invariant subspace if for every v ∈ W we have Av ∈ W .

Observation 2. Let C be a collection of A-invariant subspaces of a vector
space V , and let W =

⋂
C. Then W is an A-invariant subspace of V .

Remark 3. Let V be a vector space and let S ⊆ V . Suppose WS =
⋂
CS

where CS is the collection

CS =
{
W : W is an A-invariant subspace of V which contains S

}
.

From Observation 2 it follows thatWS is an A-invariant subspace of V which
contains S. Given any A-invariant subspace W of V which contains S, we
see that W ∈ CS and hence it follows that WS ⊆ W .

Definition 4. Let V be a vector space and let S ⊆ V . We say that WS is
the smallest A-invariant subspace of V which contains S.

Lemma 5. Let V be an F-vector space, let v ∈ V , and let S = {v}. Then
WS = W where

W =
〈
Akv : k ∈ Z with k ≥ 0

〉
.

Proof. Since WS is an A-invariant subspace of V which contains S, we see
that Akv ∈ WS for every k ∈ Z with k ≥ 0. Thus, we see that W ⊆ WS .
Since W is an A-invariant subspace of V which contains S, by Remark 3 we
see that WS ⊆ W . Hence, it follows that WS = W .

Definition 6. Let V be an F-vector space and let A ∈ L(V ). Suppose
p(X) = c0 + c1X + · · · + crX

r ∈ F[X]. We define p(A) to be the operator
c0I + c1A+ · · ·+ crA

r ∈ L(V ).

Observation 7. Let V be an F-vector space, let v ∈ V , and let S = {v}.
By Lemma 5 we see that

WS =
{
p(A) v : p(X) ∈ F[X]

}
.

Remark 8. Let V be a vector space, let A ∈ L(V ), and let S ⊆ V . The
smallest A-invariant subspace of V which contains S will not be used in the
rest of this note.



Observation 9. Let V be an F-vector space and let A ∈ L(V ). Suppose
V = W1 ⊕ · · · ⊕Wk where the Wi’s are A-invariant subspaces. Let

B =

n∐
i=1

Bi

where Bi is a basis of Wi for every i. Then B is a basis of V . If V is finite
dimensional, the matrix of A with respect to B is a block diagonal matrix.

In Lemma 5, we have seen a way to construct A-invariant subspaces.
The next result gives us another approach to find A-invariant subspaces.
We will see that this method is more suitable for expressing V as a direct
sum of A-invariant subspaces.

Lemma 10. Let V be an F-vector space and let A,B ∈ L(V ) such that
AB = BA. Suppose W = kerB. Then W is an A-invariant subspace.

Proof. Let v ∈ W . Then we see that Bv = 0. Since AB = BA, we see that
BAv = ABv = 0. Thus, we see that Av ∈ kerB. Hence, it follows that W
is an A-invariant subspace.

Observation 11. If V is an F-vector space, then L(V ) is also an F-vector
space. Let A ∈ L(V ) and let CA =

{
B ∈ L(V ) : AB = BA

}
. Then we see

that CA is a subspace of L(V ).

Remark 12. Let A ∈ L(V ). Then for every k ≥ 0 we see that Ak ∈ CA.
Thus, by Observation 11 we see that p(A) ∈ CA for every p(X) ∈ F[X].
So by Lemma 10 we see that ker p(A) is an A-invariant subspace for every
p(X) ∈ F[X].

By Remark 12 and Observation 9 we see that we need to find polynomials
p1(X), . . . , pr(X) ∈ F[X] such that V = ker p1(A)⊕ · · · ⊕ ker pr(A). We will
use some results from algebra.

Lemma 13. Let p1(X), . . . , pr(X) ∈ F[X] be pairwise relatively prime and

let p(X) = p1(X) · · · pr(X). For every i ∈ {1, . . . , r} let qi(X) =
p(X)

pi(X)
.

Then the gcd of q1(X), . . . , qr(X) is 1.

Proof. Suppose there exists an irreducible polynomial f(X) ∈ F[X] such
that f(X) | qi(X) for every i ∈ {1, . . . , r}. Since f(X) is a prime polynomial
which divides q1(X) = p2(X) · · · pr(X), there exists j ∈ {2, . . . , r} such that
f(X) | pj(X).

Again, since f(X) divides qj(X) = p1(X) · · · p̂j(X) · · · pr(X), there ex-
ists k ∈ {1, . . . , r} \ {j} such that f(X) | pk(X). This contradicts our
assumption that pj(X) and pk(X) are relatively prime. It follows that the
gcd of q1(X), . . . , qr(X) is 1.

Lemma 14. Let R be a PID and let x1, . . . , xr ∈ R. Suppose a ∈ R is the
gcd of x1, . . . , xr. Then ⟨x1, . . . , xr⟩ = ⟨a⟩.
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Proof. Since R is a PID, there exists b ∈ R such that ⟨x1, . . . , xr⟩ = ⟨b⟩.
Since for every i ∈ {1, . . . , r} we have a | xi we see that x1, . . . , xr ∈ ⟨a⟩
and hence ⟨x1, . . . , xr⟩ ⊆ ⟨a⟩. Thus, we see that ⟨b⟩ ⊆ ⟨a⟩. For every
i ∈ {1, . . . , r} we have xi ∈ ⟨b⟩ and hence b | xi. Since a is the gcd of the
xi’s, we see that b | a and hence ⟨a⟩ ⊆ ⟨b⟩. It follows that ⟨a⟩ = ⟨b⟩.

Theorem 15 (Primary decomposition theorem). Let A ∈ L(V ). Suppose
there exist p1(X), . . . , pr(X) ∈ F[X] which are pairwise relatively prime. Let
p(X) = p1(X) · · · pr(X). Then

ker p(A) = ker p1(A)⊕ · · · ⊕ ker pr(A).

Proof. For every i ∈ {1, . . . , r} let qi(X) = p(X)/pi(X). By Lemmas 13 and
14 we see that 1 ∈

〈
q1(X), . . . , qr(X)

〉
. So there exist f1(X), . . . , fr(X) ∈

F[X] such that f1(X)q1(X) + · · ·+ fr(X)qr(X) = 1. It follows that

f1(A)q1(A) + · · ·+ fr(A)qr(A) = I. (1)

Let v ∈ V . From (1), it follows that v = v1+ · · ·+vr where vi = fi(A)qi(A)v
for every i ∈ {1, . . . , r}. Suppose v ∈ ker p(A). Then for every i ∈ {1, . . . , r}
we see that

pi(A)vi = pi(A)fi(A)qi(A)v = fi(A)p(A)v = 0

and hence vi ∈ ker pi(A). It follows that

ker p(A) ⊆ ker p1(A) + · · ·+ ker pr(A).

Let i ∈ {1, . . . , r}. Since pi(X)qi(X) = p(X), we see that pi(A)qi(A) = p(A).
Let v ∈ V . If pi(A)v, then p(A)v = 0. It follows that ker pi(A) ⊆ ker p(A).
Thus, we see that

ker p1(A) + · · ·+ ker pr(A) ⊆ ker p(A)

and hence
ker p(A) = ker pi(A) + · · ·+ ker pr(A).

Suppose for every i ∈ {1, . . . , r} there exists vi ∈ ker pi(A) such that
v1 + · · · + vr = 0. Let j ∈ {1, . . . , r}. Since pj(X) and qj(X) are relatively
prime, by Lemma 14 we see that there exist f(X), g(X) ∈ F[X] such that
f(X)pj(X) + g(X)qj(X) = 1 and hence f(A)pj(A) + g(A)qj(A) = I. Thus,

vj = f(A)pj(A)vj + g(A)qj(A)vj = g(A)qj(A)vj . (2)

Since vj = −v1−· · ·− v̂j−· · · vr, we see that p1(A) · · · p̂j(A) · · · pr(A)vj = 0.
Thus, we see that qj(A)vj = 0. So from (2) we see that vj = 0. Thus, for
every j ∈ {1, . . . , r} we have vj = 0. Hence, we are done.
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Observation 16. Let A ∈ L(V ) and let JA =
{
p(X) ∈ F[X] : p(A) = 0

}
.

Then JA is an ideal in F[X]. Suppose V is finite dimensional. Then L(V )
is finite dimensional. Since

{
Ak : k ≥ 0

}
is a subset of L(V ), it must be

linearly dependent. Thus, it follows that JA ̸= {0}.
(The ideal JA may be non-zero even when V is not finite dimensional.)

Definition 17. Let A ∈ L(V ). Suppose JA ̸= {0}. Since F[X] is a PID,
the ideal JA is a principal ideal. So there exists a unique monic polynomial
mA(X) ∈ F[X] such that JA =

〈
mA(X)

〉
. We call the polynomial mA(X)

the minimal polynomial of A. We sometimes denote mA(X) by m(X).

Corollary 18. Let A ∈ L(V ) such that mA(X) = (X −λ1)
k1 · · · (X −λr)

kr

where λ1, . . . , λr are distinct elements of F, i.e., mA(X) splits in F[X]. Then

V = ker(A− λ1I)
k1 ⊕ · · · ⊕ ker(A− λrI)

kr .

Proof. Let m(X) = mA(X). Since m(A) = 0, we see that kerm(A) = V .
Also, since the λi’s are distinct, the polynomials (X − λ1)

k1 , . . . , (X − λr)
kr

are pairwise relatively prime. Hence, the result follows from Theorem 15.

Observation 19. Let A ∈ L(V ) such that m(X) = (X−λ1)
k1 · · · (X−λr)

kr

where λ1, . . . , λr are distinct elements of F. Let W = ker(A − λ1I)
k1 . We

observe that (A − λ1I)
k1 = 0 on W . If (A − λ1I)

k1−1 = 0, then this
contradicts the fact that m(X) is the minimal polynomial of A. It follows
that (A− λ1I)

k1−1 ̸= 0.

Lemma 20. Let A ∈ L(V ) and let λ ∈ F. Suppose there exists k ∈ N such
that (A − λI)k = 0 and (A − λI)k−1 ̸= 0. Then there exist v1, . . . , vk ∈ V
such that v1 ̸= 0, Av1 = λv1, and Avi = λvi + vi−1 for every i ∈ {2, . . . , k}.

Proof. As (A− λI)k−1 ̸= 0, there exists u ∈ V such that (A− λI)k−1u ̸= 0.
For every i ∈ {1, . . . , k} let vi = (A− λI)k−iu. So we see that

v1 = (A− λI)k−1u, v2 = (A− λI)k−2u, . . . . . . , vk−1 = (A− λI)u, vk = u.

Since (A− λI)v1 = (A− λI)ku = 0u = 0, we see that Av1 = λv1. For every
i ∈ {2, . . . , k} we see that (A− λI)vi = vi−1 and so Avi = λvi + vi−1.

Lemma 21. Let A ∈ L(V ) and let λ ∈ F. Suppose there exist v1, . . . , vk ∈ V
such that v1 ̸= 0, Av1 = λv1, and Avi = λvi + vi−1 for every i ∈ {2, . . . , k}.
Then the set B = {v1, . . . , vk} is linearly independent.

Proof. Suppose there exists a non-zero tuple (a1, . . . , ak) ∈ Fk such that
a1v1 + · · · + akvk = 0. Let m = max {i : ai ̸= 0}. Then am ̸= 0. Since for
every i ∈ {1, . . . , k} we have (A−λI)ivi = 0, we see that (A−λI)m−1vi = 0
for every i ∈ {1, . . . ,m− 1}. Also, we see that (A− λI)m−1vm = v1. Thus,

0 = (A− λI)m−10 = (A− λI)m−1(a1v1 + · · ·+ am−1vm−1 + amvm) = amv1.

Since v1 ̸= 0, we get the contradiction that am = 0. Hence, it follows that
the set B is linearly independent.
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Definition 22. Let A ∈ L(V ) and let λ ∈ F. A set of vectors {v1, . . . , vk} is
called a Jordan string for (A, λ) if v1 ̸= 0, Av1 = λv1, and Avi = λvi + vi−1

for every i ∈ {2, . . . , k}.

Remark 23. Let A ∈ L(V ) and let λ ∈ F. By Lemma 21 we see that a
Jordan string for (A, λ) is an independent set. If there exists a Jordan string
for (A, λ), then we see that λ is an eigenvalue of A. Every Jordan string for
(A, λ) contains a unique eigenvector for A with eigenvalue λ.

Remark 24. Let B ∈ L(V ) be a nilpotent operator. Then 0 is the unique
eigenvalue of B. Suppose there exists λ ∈ F such that there exists a Jordan
string for (B, λ). Then by Remark 23 we see that λ = 0.

Definition 25. Let A ∈ L(V ). A basis B of V is called a Jordan basis for
A if there exist λ1, . . . , λm ∈ F (not necessarily distinct) such that

B =

m∐
i=1

Bi

where Bi is a Jordan string for (A, λi) for every i ∈ {1, . . . ,m}.

Observation 26. Let A ∈ L(V ). Suppose there exists an ordered Jordan
basis B of V for the operator A. The matrix of A with respect to B is a
block diagonal matrix. Each block corresponds to a Jordan string in B. A
block which corresponds to a Jordan string for (A, λ) is of the form

λ 1 0 . . . 0 0
0 λ 1 . . . 0 0
0 0 λ . . . 0 0
...

...
... . . .

...
...

0 0 0 . . . λ 1
0 0 0 . . . 0 λ


.

Definition 27. Let A ∈ L(V ). Suppose there exists an ordered Jordan
basis B of V for the operator A. The matrix of A with respect to B is said
to be in Jordan canonical form.

Observation 28. Let A ∈ L(V ), let λ ∈ F, and let B = A−λI. Let B be a
basis of V . Since A = B+λI, the matrix of A with respect to B is obtained
by adding the matrix λI to the matrix of B with respect to B. If B is a
Jordan string for (B, 0), then B is a Jordan string for (A, λ). Since if we
have vi−1, vi ∈ V such that Bvi = vi−1, then we see that Avi = λvi + vi−1.

Theorem 29. Let dimV = n and let A ∈ L(V ). Suppose there exists λ ∈ F
and k ∈ N such that (A− λI)k = 0. Then V has a Jordan basis B for A.

Proof. Let B = A − λI. By Observation 28, it is enough to show that V
has a Jordan basis B for B. If B = 0, then any basis of V is a Jordan basis
for B. So we may assume that B ̸= 0. Since Bk = 0, by Remark 24 we see
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that 0 is an eigenvalue of B. So there exists u ∈ V \ {0} such that Bu = 0
and hence kerB ̸= {0}.

We will show that V has a Jordan basis B for B by induction on dimV .
When n = 1, we see that B = {u} is a Jordan basis. Let n ≥ 2 and let W
denote the image of B. Since B ̸= 0, by the rank-nullity theorem, we see
that 1 ≤ dimW ≤ n − 1. Since W is a B-invariant subspace, we see that

B |W ∈ L(W ). Since Bk = 0, we see that
(
B |W

)k
= 0.

Thus, by the induction hypothesis, we see that W has a Jordan basis B′

for the operator B |W . Using Remark 24 we see that

B′ =
m∐
i=1

B′
i

where B′
i is a Jordan string for

(
B |W , 0

)
for every i ∈ {1, . . . ,m}. For every

i ∈ {1, . . . ,m} let

B′
i =

{
v
(i)
1 , v

(i)
2 , . . . , v

(i)
ki

}
.

Then Bv
(i)
1 = 0 and for every j ∈ {2, . . . , ki} we see that Bv

(i)
j = v

(i)
j−1.

Let B′
0 =

{
v
(1)
1 , . . . , v

(m)
1

}
. Since B′

0 ⊆ B, we see that B′
0 is a linearly

independent subset of kerB. So there exists r ∈ N∪{0} such that kerB has
dimension m+ r. There exist z1, . . . , zr ∈ V such that

B0 =
{
v
(1)
1 , . . . , v

(m)
1

} ⋃ {
z1, . . . , zr

}
be a basis of kerB. Since B′ is a basis of W , by the rank-nullity theorem,
it follows that

n = k1 + · · ·+ km +m+ r. (3)

For every i ∈ {1, . . . ,m} there exists vi ∈ V such that Bvi = v
(i)
ki
. For every

i ∈ {1, . . . ,m} we let

Bi =
{
v
(i)
1 , v

(i)
2 , . . . , v

(i)
ki
, vi

}
and for every i ∈ {m+ 1, . . . ,m+ r} we let Bi = {zi}. We observe that Bi

is a Jordan string for (B, 0) for every i ∈ {1, 2, . . . ,m+ r}. Let

B =
m+r∐
i=1

Bi .

We claim that B is a Jordan basis of V for the operator B. From (3) we
see that B has size n. So it is enough to show that B is linearly independent.
Suppose there exist there exist a1, . . . , ar ∈ F and for every i ∈ {1, . . . ,m}
there exist c

(i)
1 , . . . , c

(i)
ki
, bi ∈ F such that

a1z1 + · · ·+ arzr +
m∑
i=1

(
c
(i)
1 v

(i)
1 + c

(i)
2 v

(i)
2 + · · ·+ c

(i)
ki
v
(i)
ki

+ bivi

)
= 0. (4)
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Applying the operator B we see that

m∑
i=1

(
c
(i)
2 v

(i)
1 + · · ·+ c

(i)
ki
v
(i)
ki−1 + biv

(i)
ki

)
= 0.

This is a linear combination of the elements of B′ which is a basis of W . So
we see that it must be the trivial linear combination. From (4) we see that

a1z1 + · · ·+ arzr + c
(1)
1 v

(1)
1 + · · ·+ c

(m)
1 v

(m)
1 = 0.

This is a linear combination of the elements of B0 which is a basis of
kerB. So we see that it must be the trivial linear combination. Thus, we see
that the linear combination in (4) is the trivial linear combination. Hence,
our claim is true and so we are done.

Since B has size n, another way to show that B is a Jordan basis of V
for the operator B is to show that B spans V .

Let v ∈ V . Since B′ is a basis of W for every i ∈ {1, . . . ,m} there exist

a
(i)
1 , . . . , a

(i)
ki

∈ F such that

Bv =

m∑
i=1

(
a
(i)
1 v

(i)
1 + · · · · · ·+ a

(i)
ki−1v

(i)
ki−1 + a

(i)
ki
v
(i)
ki

)
.

So we see that

Bv = B

(
m∑
i=1

(
a
(i)
1 v

(i)
2 + · · · · · ·+ a

(i)
ki−1v

(i)
ki

+ a
(i)
ki
vi

))
.

Thus, we see that

v −
m∑
i=1

(
a
(i)
1 v

(i)
2 + · · · · · ·+ a

(i)
ki−1v

(i)
ki

+ a
(i)
ki
vi

)
∈ kerB.

Since B0 is a basis of kerB, there exist b1, . . . , bm, c1, . . . , cr ∈ F such that

v −
m∑
i=1

(
a
(i)
1 v

(i)
2 + · · ·+ a

(i)
ki−1v

(i)
ki

+ a
(i)
ki
vi

)
= b1v

(1)
1 + · · ·+ bmv

(m)
1 + c1z1 + · · ·+ crzr.

Hence, it follows that B spans V . So we are done.

Remark 30. Let A ∈ L(V ) and let λ ∈ F. Suppose there exists k ∈ N such
that (A − λI)k = 0. By Theorem 29, we see that V has a Jordan basis B
for A. We can check that (A − λI)k−1 ̸= 0 if and only if B has a Jordan
string for (A, λ) of size k.

Corollary 31. Let V be a finite dimensional vector space over F and let
A ∈ L(V ). If mA(X) splits in F[X], then V has a Jordan basis for A.

Proof. This follows from Observation 9, Corollary 18, Observation 19, and
Theorem 29.
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